THE CONJUGACY PROBLEM IN WREATH
PRODUCTS AND FREE METABELIAN GROUPS

BY
JANE MATTHEWS

1. Introduction. The conjugacy problem was formulated by Dehn in 1912 for
finitely presented groups [1]. The question was whether it can be effectively
determined for such a group when two elements are conjugate. This general
question was answered in the negative by Novikov in 1954 [6]. But it is still of
interest to determine whether the problem is solvable for particular finitely
presented groups.

More recently the relation between finitely presented groups and other coun-
table groups has become more fully understood due to the work of Higman [2].
He proved that a finitely generated group can be embedded in a finitely presen-
ted group if (and only if) it has a recursively enumerable set of defining rela-
tions. In such a case, Higman called the group recursively presented with respect
to the particular set of generators x;,---, x,, of the group. A finitely generated
group G can be written as gp(x,, -, X3y, --) Where the r;’s lie in the free group
F on x,,---, x,, and where G = F/R with R the normal subgroup of F generated
by the r;’s and their conjugates. The elements of such a free group F may be
effectively enumerated by considering the lengths of the elements written as
words in x,,---, X,, and arranging elements according to length with the lexi-
cographic ordering by subscipt used for words of the same length. A subset of
F such as {r,, r,,---} is then said to be recursively enumerable if there is some
effective enumeration of F with r, the f(i)th element of F for a recursive function f.
Such functions can be computed for each integer i and for any integer n it can be
determined whether there is an i such that f(i) = n. (For a complete discussion of
recursive functions, the reader is referred to [3].) Because of Higman’s work, we
see that recursively presented groups are actually as well presented as the finitely
presented groups. We may then speak of the conjugacy problem for particular
groups of this type also. Let us say that a group G is of ‘‘class ¢’ if it is recursive-
ly presented and has a solvable conjugacy problem for the given presentation.
Thus the class € actually represents a class of presentations of groups rather
than of groups per se.

The free groups of finite rank and the finitely generated free Abelian groups
are of class €. This suggests that it might be worthwhile to investigate the con-
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jugacy problem for certain relatively free groups, that is for groups free in some
variety. In particular, we might look at the product variety of two Abelian varieties.
This brings us to the question of whether the finitely generated free metabelian
groups, groups which are recursively presented, are of class ¥. The main result
of this paper is the proof of the following:

THEOREM A. Finitely generated free metabelian groups are of class €.

In view of the close connection between product varieties and wreath products
and also because of the seeming intractability of approaching the conjugacy
problem directly in such a free metabelian group M, we shall make use of the
known effective embedding of M in a wreath product of two free Abelian groups
[7], [4]- Our procedure for proving Theorem A will be the following:

First, in §2, we give a construction of the wreath product of two recursively
presented groups, noting that this wreath product is itself recursively presented
in the case that the original groups are both of class €.

Next, using arguments similar to those of Peter Neumann [5], we prove in §3
the following:

THEOREM B. The (restricted) wreath product W = A wr B of two nontrivial groups
of class € is itself of class € if and only if the group B has a solvable power problem.

Here we understand by the solution of the power problem in the recursively
presented group B the ability to decide for any two elements x and y in B whether
there exists an integer n such that y = x".

Finally, in §4, we make use of a mapping ¢ of the finitely generated free meta-
belian group M onto a subgroup Me = M of a wreath product W of class ¥ and
prove the following:

THEOREM C. Two elements x and y in M are conjugate in M if and only if
their images xe and ye are conjugate in W.

2. Preliminaries. Given two elements g and h in a group G, we denote by
[g,h] the commutator g~ 'h™'gh. Let A be a group and S a nonempty set;
we define the Cartesian power 45 as {f | f:S—> A} If f and g lie in A%, then
so does fg and for all s in S we have fg(s) = f(s)g(s). If Bis a group of per-
mutations on S, B is isomorphic to a group of automorphisms of A5. For b in
B and f in A5, let f® denote the image of f under the automorphism corre-
sponding to b, then f°(s) = f(s® ") for all s in S. We write s®~* for the image under
b~! of 5. Let W be the splitting extension of 45 by the group B so that
W={(b,f)|beB, fe A%} were we define multiplication in W by (b,f) (c,g)
= (bc,f°g) for b and c in B and f and g in A5. Let 1 denote the element of A°,
such that 1(s) = 1 in 4 for all s in S. Then {(b,1)} for b in B is a subgroup of W
isomorphic to B and we shall identify it with B. Similarly {(1,f)} with f in 4°
shall be identified with A°. Then A4° is normal in W and complemented by B.
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Elements of W thus factorize uniquely as products of the form bf with b in B
and f in A°. The automorphisms of 45 induced by b in B are the restrictions
to A5 of the inner automorphisms of W induced by transformation by b. We
obtain the unrestricted or standard wreath product AWrB of 4 by B when we
take the set S as B itself and the action of B given by multiplication on the right
so that for f in A% and b in B, f® is given in terms of f by the relation
fP(B) =f(Bb~'). We obtain the restricted wreath product W = AwrB with
which we shall be concerned in this paper by considering the direct product
A® rather than the Cartesian product 4%. We denote by o(f) the support of f,
that is {b eBl f(b) # 1}. We may label the coordinate subgroups of K by the
elements of B so that if be B, A4, is {feKlf(ﬂ) =1 if B # b}; that is
A,={feK | o(f) = {b}}. There is a natural isomorphism v,: 4, — A given by
v,(f) = f(b) for all f in A,.
Consider now two recursively presented groups A and B, then:

W =AwrB=gp(a;,a,,,ap, b,,bz,’---,b,,lr(al,---,a,.) =1 for r in R,
t(by,--,bj)=1for tin T,

and [W(bls"',bk)nlapw(bl,"Bbk)saq] =1
for all a, and a, and all w such that w(b,--- by) #1)

where R and T are the sets of relators of the groups 4 and B resp. Thus W itself
is recursively presented in the case that A is Abelian or that B has a solvable word
problem (in which case the words w(b,, -+, b;) which are nontrivial elements of B
may be effectively enumerated). This is certainly true if A and B are of class €.
Clearly the solvability of the conjugacy problem in B is necessary for the solvability
of the conjugacy problem in W = AwrB (or in any splitting extension of an arbitrary
group K by the group B) since the existence of an element z in W of the form dh
such that zx = yz with x = bf and y = c¢g implies that db = cd in B. The necessity
of the solvability of the conjugacy problem in A4 for its solvability in W follows
from the fact that two elements f and g in K = A® such that o(f) and a(g) are
both equal to {b} for some b in B are conjugate in W if and only if f(b) and g(b)
are conjugate in 4.

3. The conjugacy problem in restricted wreath products.

3.1. Outline of the proof of Theorem B. We recall that Theorem B states that the
wreath product W = AwrB of two nontrivial groups of class % is itself of class €
if and only if the group B has a solvable power problem. The proof of this theorem
consist of a reduction of the conjugacy problem in W to conjugacy poblems in
A and B. In order to accomplish this reduction, we shall use mappings of K = A®
into A. Given any element b in B, let T = {t;} be a particular set of coset repre-
sentatives for gp(b) in B. We associate with T classes of maps {nﬁ”} for each y
in B as follows:
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N-1
[T f@b’y ') for b of finite order N

a”(f)= 4 I7°
[T f@b’y™") for b of infinite order.

j==—o

We note that these products are always finite ones since K is a direct rather than a
Cartesian product. For simplicity we shall write 7; for n{'’ where 1 is the identity in B.

Two elements x = bf and y = cgin W are conjugate if and only if there exists
an element z of the form dh in W such that zx = yz. Here b, ¢, and d lie in B and
f> g and hliein K. The relation zx=yz in W is equivalent to the pair of relations

db=cd inBand g* = h’h " 'inK.

3.2. LEMMA. Let W= AwrB and let b and d in Band f, g, and h in
K = A® be such that g°=h®h =1 Then for all cosest representatives t, in
Tand all integers m and n with n = 0, we have:

(3.2.1) mf[ g(tbd™ 1) = h(tb™ Y [ ﬁ f(t,-bf)] Kb,
j=m ji=m

Proof. By hypothesis, we have for any integer j that:
gi(tb7) = g (1b1d™Y) = h(t;b7 ™) f (6,67 h(t:b).
The lemma then follows upon taking the product over j.

3.3 COROLLARY. Let x=0bf, y=cg, and z=dhin W = AwrB be such that
zx = yz. Then, if b is of finite order N, n/(g) is conjugate in A to n(f)
for alli.

Proof. We need only set m =0 and n =N — 1 in line (3.2.1) and apply the
definitions of the functions ; and n{® .

3.4. COROLLARY. Let x=bf, y=cgand z=dh in W = AwrB be suchithat
zx = yz. Then, if b is of infinite order, n(g) is equal in A to w(f) for all.

Proof. Since K is a direct product, there exists for any i a pair of integers
M and N with N =0 such that:
M+N M+N

1@ ()= [] etb'd™") and n(f)= [] f(tb)).
j=M =M

Thus it follows from (3.2.1) that n{® () = h(t;b™ ") m(HHh~* (t;b™*"). But
h(t;b™~') and h(t,b™*¥) must be the identity in A for otherwise applications
(3.2.1) with m=M —k, n=N+k and with m=M, n=N + k for all in-
tegers k = 0 would yield the contradiction that h(f) is different from 1 for infinitely
many fin B.

3.5. PROPOSITION. Two elements x =bf and y = cg of W = AwrB are conju-
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gate in W where b is of infinite order if and only if there exists an element d
in B such that for all i:

(1) db=cd in B,
Q) n%%g) is equal ton;(f) in B.

(3.5.1)

Proof. Since x and y are conjugate in W if and only if there is a z in Wof
the form dh such that zx = yz, the necessity of (3.5.1) follows from Corellary 3.4.
Assume then that (3.5.1) holds for some d. We construct k so that for z =dh
we have zx = yz as follows: Set

(for all integers k and ¢; in T).

3.6. PROPOSITION. Two elements x = bf and y = cg of W = AwrB are con-
jugate in W where b is of finite order N if and only if there exists an element d
in Bsuch that for alli:

(.6.1) (1) db =cdin B,

(@) 7!*(g) is conjugate to n(f) in A.
Proof. The necessity of (3.6.1) follows easily from Corollary 3.3. Assume

then that(3.6.1) holds and let «; be such that 1(g) = am(f)e;'. We construct
hsothatforz = dh we have zx = yz asfollows: Set

wt = [[1 s ) o [150]

(forall¢;in T and k=0,1,... N —1).
It is now a simple matter to prove Theorem B.

3.7. THEOREM B. The wreath product W = AwrB of two nontrivial groups
of class € is itself of class € if and only if the group B has a solvable power
problem.

Proof of necessity. Let b and ¢ be elements of B and let a in 4 be different from
the identity. Define the element kin K = A® as follows:

a for p=1,
k(B) ={a"1 for p=c,
1 otherwise.

Then b is conjugate in W to bk if ¢ is a power of b in B.
Proof of sufficiency. Assume now that 4 and B are both of class € and that
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B has a solvable power problem. Given any two elements x = bf and y = cg in
W, we must show that it is possible to decide in a finite number of steps whether
there is a d in B such that the appropriate pair of relations (3.5.1) or (3.6.1)
holds. We exhibit an algorithm for this as follows:

Step 1. We use the fact that B is of class € to decide whether there isa d in B
such that db = cd. If no such d exists, then x and y are not conjugate in W. If
such d exists, we proceed to

Step II. Since B has a solvable power problem we can determine the order of
b in B. We may also partition the support o(f) into equivalence classes in such
a way that two elements of o(f) lie in the same equivalence class if and only if
they lie in the same left coset of gp(b) in B. For these cosets we chose a correspon-
ding finite set of representatives {t;}.

Case(l). g =1. Then x is conjugate to y = ¢ if and only if all 7,(f) = 1.
This is clearly decidable.

Case (2). g£ 1 but all n,(f) = 1. In this case x and y are conjugate if and only
if all 7{(g) = 1. Since, by Step I, we have assumed that there exists a d in B such
that db = cd, we have for all i: g(t,b’d ') = g(t;,d ~*c/) with j an arbitrary
integer. We now show that it can be decided whether all n{(g) =1 using only
the existence of a d in B such that db = cd. Just as we partitioned o(f) using
left cosets of gp(b) in B, we may we may partition o(g) using left cosets of gp(c)
in B. Then we construct maps 7; with T(g) == jg(sicj) for s; in a set S of coset
representatives of gp(c) in B. Here again j runs from O through N — 1 if b (and
thus also c)is of order N and from — oo to oo otherwise. One such set S consists of
{t,d™'} for a fixed d. But the product in 7; is 1 for one set S if and only if it is 1
for all sets, since changing S only resultsin a cyclic permutation of the factors in
the product. Thus x and y are conjugate if and only if all 7,(g) =1 and there
exists an element d in B such that db = cd.

Case (3). g£1 and some 7, (f) # 1. Let k be a fixed integer such that m,(f) # 1.
In order for there to exist a d in B such that each 7;,(f) is equal to (resp. conju-
gate to) the corresponding n{¥(g), there must in particular be a d in B such that
n{¥(g) is different from 1. Thus also there is an integer n such that g(t,b"d ~')
is different from 1. Let 6(g) = {B;, B25"**» Bm}- T determine whether x and y are
conjugate in W, we need only test for d = B, ',b", -, B, ‘t,b"whether db=cd
and 7/%(g) equals (resp. is conjugate to) m,(f)for all i. This testing process may
possibly be shortened by observing that if d, = d,b" for some integer r then
d,b = cd, if and only if d,b = cd, and 7" (g)equals (is conjugate to) 7,(f) if
and only if 7% (g)equals (is conjugate to) 7,(f).

We note that, in the case that A and B are both free Abelian groups of finite
rank, W = AwrBis of class %.

4. The conjugacy problem in finitely generated free metabelian groups. Let M be
the free metabelian group freely generated by {x,,---,x,} with n finite. Thus M
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is an isomorphic copy of an absolutely free group F of rank n by its second derived
group F”: M = F/[F". Tt follows from theorems of Smel’kin and Magnus that, if

A= gp(a1,~--,a,,| [a;,a;]=1foralliandj =1,---,n)
and
B=gp(by,,b,| [b;,b;]=1 foralliand j=1,-,n)

are free Abelian groups of rank n, then W = AwrB contains a copy M of M.
Indeed M is generated by the elements m; = b,f; in W where the f;in K = A‘® are
defined by:

a; for f=b;withi=1,...,n,
o= .
1 otherwise

4.1. Outline of the proof of Theorem C. We recall that Theorem C states that
two elements x and y in M are conjugate in M if and only if their images xe and
ye are conjugate in W. We shall now identify M with the embedded group and
write x and y for the images in W. The proof of the theorem naturally breaks up
into two parts. First we prove by Proposition 4.2 that two elements of M’, the
derived group of M, are conjugate in M if and only if they are conjugate in W.
For the second part of the proof we deal with elements outside M’ and show that
if there is an element z in W such that zx = yz with x and y in M but not in M’ then
z must lie in M. In order to accomplish this, we need to look more closely at the
position of M’ in W.

W is a splitting extension of K = 4 ®by anAbelian group B and thus W’ < K
and so also M’ < K. Because A too is Abelian, (Bf)™'k(Bf) = B~ kB for all
B in B and all fand k in K. Since in addition MK = W, any element w in W may
be written in the form mY'--m,"k with k in K for some set of integers v;, -+, v,;
thus w lies in M if and only if k lies in M’. By means of Lemmas 4.6 through 4.8,
we shall be able to show that if kk ~®lies in M’ where k is in K and where b # 1
in B then k is itself in M’. Once we have this, Theorem C follows quite easily.

4.2. PROPOSITION. Given any group W with an Abelian normal subgroup
K and a subgroup M such that M generates W modulo K, that is such that
MK = W, then two elements x and y in M N K are conjugate in M if and only
ifthey are conjugate in W.

Proof. Since M is a subgroup of W, we need only show that if x and y in
M N K are conjugate in W then they are conjugate in M itself. By the assumption
of conjugate in W, there is an element w in W of the form mk with m in M and k
in K such that y = (mk) ! x(mk). Thus k™'(m “*xm)k = y. But K is normal
in W and so m™'xm lies in K. Furthermore K is Abelian and thus m ~'xm =y
or x and y are conjugate in M.

Animmediate consequence of this proposition is the following:
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4.3. COROLLARY. If W = AwrB where A and B are free Abelian groups of
rank n, then two elements of M’ are conjugate in M, the embedded free metabe-
lian group, if and only if they are conjugate in W.

The transform in M of the commutators [m;,m;] with i > j generate M'.
Let [m;, m;] be denoted by d, ;. It then follows that:

a; for g =1b;,
a! for g =b,,
P = a;a;?t for f=b;b
i%j - YiVjs
1 otherwise.

In order to test whether an element k in K lies in M’, we shall need mappings of K
into A similar to those used for more general wreath products in §3. Any element in
the free Abelian group B may be written in a unique normal form as b{*---b " for
some set of integers u, -+, 4,. We introduce in B equivalence relations e, for each
integer ! with 1 <1 < n as follows: ;= b%'*--- bi"'lies in the same ¢,-equivalence
class as B, = b{***--- i if p;, isequal to y;, for all i < I. We partition B into such
equivalence classes S for any fixed integer ! with 1 <1< n. The mappings
we shall need are the mappings n{” defined by n{’(f) = []scs.0)f(B)- These
maps are then uniquely determined since the group A4 is Abelian.

4.4. DEFINITION. An element a of the free Abelian group A4 generated by {a,,--,a,)
will be said to be ““free of ay, -+, a,”” if, in its canonical representation o« = a}'--- a}*,
Yi=y2=--=7=0.

4.5. DEFINITION. An element k in K= A® will be said to be ““free of ay, --,a,”’
if k(p) is free of a;,+:-,a; for all § in B.

4.6. LEMMA. Let m in M’ be a word in the transforms of only those d; ; with
i>j =1 for some fixed integer 1 = 1. Then n(m) 1s free of a,,---,a, for all v.

Proof. From the definitions of the elements d; ;, it is obvious that m is free

of a;,---,a;_;. Only d; ; can involve g, and for any v these occurrences of g, cancel
in 7¥(m).

4.7. LEMMA. Let k in K be free of ay,::+,a,_, for some fixed 1 2 1. Then if
nf,')(k) is free of ay,---,a,_1 and a, for all v, there exists an element m in M’
(free of a,-++,a;_,) such that km™" is free of a,, -, a,.

Proof. We begin with a series of reductions which enable us to look at only
those k which are of a very simple form. Since transformation by the element
m}'---m!" is equivalent to transformation by the element b/'..-b}", we may
look at a transform of k rather than k itself. It is enough to prove the lemma when
a(k) <= SO for some v. We thus assume that o(k) is actually {8,,8,,--+,8,} where
each B, = bbji#}® ... b»® forp =1,---,r and where B, < B,,,. Next we write
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k as a product gh where for k()= af'ali " --ak" we set g(B)=a/'and
h(B)=a/l1!--- ai" . We need only prove the lemma for g.

The element g in K may itself be written as the product gi¥*... gf*7 " where
if g(B,) = al®we set:

a, for p=8,,
gB=13a’ for B=8,+1,
1 otherwise,

with ©(p) = u(1) + pu(2) + -+ + p(p).
We need only consider one such element say f in K defined by:

a for B= b,
fB) = <a’t for B=bbli%t- bo",
1 otherwise.

A further simplification is accomplished by writing f as a product f;---f,_,

with:
a; for B=bbii" - biiY’
-1 G a) o
fl+j(ﬁ) =314 for B = bbiiH - blrjjbti;i’l':
1 otherwise,

forj=0,1,---,n—1-1.
By setting f equal to some particular f,,;, s=1+j+1, r=0y,;,,, and
Bo = b by5 bﬁ"j’, we have:

a for B =bp,
fB)= {a ' for B=bB,b" with r > 0,
1 otherwise.
l Finally setting f equal to the product fof; --- f,_, where
a for p= btﬁob:,
fB) = a;t for p= bzﬁob:“ s
1 otherwise,
we prove the lemma by associating with each f; the transform of d, ; by (ﬁ\ob:)' L

4.8. LeMMA. Let k in K and b = b}'--- bl* in B with not all of y,,+-+,7, =0 be
such that for t = kk™® the prod:ct n(2) is free of a,, -+, a, for all v. Then (k)
is free of ay, -+, a, for all v.

Proof. Assume the lemma to be false. Then there exists a particular v such that
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(k) = a4*---a*" with not all of u,, p,, -, y; = 0. Associated with this product,
there is then an equivalence class S that intersects o(k) nontrivially. Let us
denote this class by S. Then, since n’(¢) is free of a,, -, a;, the set S, defined as
{ B’eBI B’ = pb for B in S} also intersects o(k) nontrivially. For if the product
of k taken over the set S, is ai’--- a," we would have ¢; = — y; for all i < I. Thus,
for infinitely many j, the sets S, must intersect o(k) nontrivially. This contradicts
the fact that k lies in a direct product K. The lemma thus follows.

4.9. COROLLARY. If m isawordin M’ in the transforms of only those d; ;with
i>j=1and if kk™® = m where b in B equals the product b1*--- bI" with not all
of p4,++»11 =0, then 1P (k) is free of a,+,a,.

Proof. By Lemma 4.6 we know that 7{”(m) is free of a,,---,q, for all v. Thus
we need only apply Lemma 4.7.

4.10. THEOREM C. Two elements x and y in M are conjugate in M if and
only if their images xe and ye are conjugate in W.

Proof. We may assume that M itself is embedded in W. Let x be of the form
bf in W, y of the form cg in W, then we need only prove that if x and y are con-
jugate in W they are conjugate within the subgroup M itself. Using the solution
of the conjugacy problem in wreath products and the algorithm presented in §3,
we have for x and y conjugate in W that b is conjugate to ¢ in B. But B is Abelian
and thus b is equal to c.

Case (1). b=1. Inthiscase x =f and y=g lie in MN K. But MNK is
just M’ and so by Corollary 4.3 if x and y are conjugate in W, then they are con-
jugate in M itself.

Case (2). b# 1. In this case x =bf and y = bg where b= bt-.- bl" with
some y; different from 0. By renumbering the elements b; of B, if necessary, we
may assume that y, # 0. By hypothesis there is a z in W of the form dh such that
zx = yz. We now write the elements x, y, and z as m{*--- m2"r, m}*--- m}"s and
mS* --- mink respectively in W = MK. Here r and s lie in M’ and k lies in K.
Our aim then is to prove that k lies in M'. For simplicity of notation we write
x = qr, y = qs, and z = pk.

Writing out the identity zx = yz, we have pkqr = gspk or that pgk?r= qps*k.
But then pgk®r = qps®k and we obtain the relation:

(4.10.1) kk™®=[p,q]rs™".

But [p,q]rs ¢ lies in M’ and thus kk ~® must also lie in M’. Let now t = kk™°.
Then, by Lemma 4.6 applied for I =1, we have n{')(t) free of a,. Thus by
Lemma 4.8 n{!)(k) is also free of a,. Therefore, by Lemma 4.7, there exists an
element m in M’ such that km™! is free of a,. But since m is in M’, so

m~® = m™4. Dividing through by mm ™" in the relation (4.10.1), we obtain the
relation:
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(4.10.1)’ (km™ ") (km™") ™" = [p,q]rs " (mm ")~

Setting k, = km~™' we proceed in exactly the same manner to obtain an element
m, in M’ such that k,;m " is free of both a, and a,. A simple induction argument
provides us at the (n — 1)st stage with an expression for k as a product of elements
in M’. Thus k is in M’ and the theorem is proved in this case also.

4.11. THEOREM A. Finitely generated free metabelian groups are of class €.

Proof. We have only to combine Theorems B and C.

REFERENCES

1. M. Dehn, Uber unendliche diskontinuierliche Gruppen, Math. Ann. 71 (1911), 116-144.

2. G. Higman, Subgroups of finitely presented groups, Proc. Roy. Soc. Ser. A 262 (1961),
455-475. .
3. S. C. Kleene, Introduction to metamathematics, Van Nostrand, New York, 1952.

4. W. Magnus, On a theorem of Marshall Hall, Ann. of Math. (2) 40 (1939), 764-768.

5. Peter M. Neumann, On the structure of standard wreath products of groups, Math. Z.
84 (1964), 343-373.

6. P. S. Novikov, Unsolvability of the conjugacy problem in the theory of groups, 1zv. Akad.
Nauk SSSR Ser. Mat. 18 (1954), 485-525.

7. A. L. Smel’kin, Wreath products and varieties of groups, Dokl. Akad. Nauk SSSR 157
(1964), 1063-1065 = Soviet Math Dokl. 5 (1964), 1099-1101.

HUNTER COLLEGE,
NEw YORK, NEW YORK




